Confidence interval of is an interval corresponding to a specified confidence and including the true value. It can be used to describe the precision of a statistical quantity and quantify its uncertainty. Although the principle of maximum entropy (POME) has been used for a variety of applications in hydrology, the confidence intervals of the POME quantile estimators have not been available. In this study, the calculation formulas of asymptotic variances and confidence intervals of quantiles based on POME for Gamma, Pearson type 3 (P3) and Extreme value type 1 (EV1) distributions were derived. Monte Carlo Simulation experiments were performed to evaluate the performance of derived formulas for finite samples.
Introduction
One of the objectives of hydrological frequency analysis is to estimate the magnitude of a hydrologic event with a given return period [1, 2] . The short record length of sample data and the application of inappropriate distribution inevitably involve some uncertainties in this estimation [3] . Hence, a point estimate of quantile corresponding to a return period is usually not enough because it cannot adequately express the precision of the estimation. Confidence interval can be used to describe the precision of a statistical quantity and it provides more information than a point estimate. The calculation of confidence interval requires the results of standard errors. Different estimation methods may yield different standard errors of the estimated quantities, and thus the confidence intervals are different as well. The most efficient method is the one that gives the smallest error and the narrowest confidence interval width [1] . Therefore, it is necessary to compare the performance of different methods and to choose the most efficient method for improving the calculation accuracy of hydrological quantile estimators.
There have been a multitude of studies related to the estimation of variances and confidence intervals of estimated quantile estimators. Nash and Amorocho obtained the expressions for the standard errors of flood quantile estimators for a given return period from random samples of normal and double exponential population [4] . Bobee derived the formulas of sampling error of T-year flood quantile computed by fitting a log-Pearson type-3 distribution [5] . Assuming the design events are normally distributed, Kite derived the confidence limits of design events using data generation experiments [6] . Condie gave the maximum likelihood estimators for the parameters of a log-Pearson type 3 distribution and derived the expressions for asymptotic standard error of a T-year event and he concluded that the maximum likelihood method is markedly superior to method of moments in the estimation of asymptotic standard error of T-year event [7] . Lawless reviewed the methods for calculating the confidence interval for parameters or other characteristics of the Weibull and extreme value distributions, and compared performances of the various methods [8] . Hoshi and Barges developed an approximation technique to compute the derivative of a standard gamma quantile with respect to the distribution shape parameter for estimating the sampling variance of a specified quantile [9] . They also derived the expressions for calculating the sampling variances and covariances of log-Pearson type 3 distribution parameters as well as the sampling variance of T-year flood event using the method of moments [10] . Phien derived the explicit formulas for the variances and covariances of the parameter estimates of log-Pearson type 3 distribution when the method of direct and mixed moments was used for parameter estimation [11] . Stedinger (1983) , Ashkar and Bobee (1988) also investigated several methods for calculating the confidence intervals for P3 and log-Pearson type 3 quantiles and tested their performance [12, 13] . Lu and Stedinger derived the simple formulas for estimating the asymptotic variance of probability weighted moments (PWM) quantile estimators for generalized extreme value (GEV) distribution when the location and scale parameters were estimated with a fixed regional shape parameter or all three parameters are estimated. They compared the variances of quantile estimators for the two cases and examined the performance of the approximate confidence intervals obtained using the derived formulas [14] . Sampling variance of normalized GEV/PWM quantile estimators were also investigated by Lu and Stedinger [15] . Heo and Salas derived the confidence limits of population quantiles for log-Gumbel distribution by using the asymptotic variances estimated maximum entropy copula is very close to the observed streamflow [34] . Kong integrated POME with Gumbel-Hougaard copula for monthly streamflow simulation. The simulation shows that the variability of simulated monthly streamflow is similar to that of observed monthly streamflow [35] . AghaKouchak reviewed the currently available maximum entropy copula models and discussed their potential applications in hydrology and climatology. He applied the entropy copula to bivariate flood frequency analysis to illustrate the construction of the bivariate joint distribution using the entropy copula [36] .
In variances estimation, Phien provided the formulas for calculating the approximate variances and covariances of the parameter estimators and the approximate variance of the Tyear event obtained by POME for the extreme value type-1 (EV1) distribution. Through applications of the formulas to simulated data, he concluded that the approximations for the variance of estimates of the T-year event are of sufficient accuracy [37] . The sampling properties of the maximum entropy estimators for P3 distribution has been investigated as well [38] . The investigation concluded that the efficiency of the POME can be improved by using biased estimator of the variance of variable. Despite the advances mentioned above, the POME based confidence intervals of quantile estimators have not been investigated and the performance of POME, MOM and ML in the estimation has not been compared.
The objective of this study is therefore to derive the formulas for calculating the confidence intervals of quantiles based on POME for Gamma, P3 and EV1 distributions; evaluate the performance of derived confidence intervals for finite samples using simulation experiments; compute the confidence of annual precipitation quantiles for different return periods; and compare these confidence intervals with those estimated when MOM and ML were employed.
Confidence interval estimation of the quantile
The standard error and confidence interval are two measures to describe the uncertainty of a statistical quantity, such as the T-year quantile estimator T x . The standard error T s measures the standard deviation of an estimated quantile from a sample about the true value, and the confidence interval of a quantile estimated by a sample is an interval that corresponds to a specified confidence and includes the true value.
Estimation of quantile
A general form for calculating T x of a given distribution can be written in terms of the distribution moments and the frequency factor
where 1  and 2  are the mean and the standard error of the population, respectively, and they will equal to the sample moments only when the MOM is used for parameter estimation; T K is the frequency factor specific to the chosen distribution, which can be derived from the distribution parameters, sample size, and return period T or cumulative probability of exceedance of the design event. Expressions of T K for different distributions are commonly given in statistics texts [1] .
Calculation of confidence interval
The confidence interval is a convenient approach for quantifying the uncertainty and indicating the accuracy of quantiles [1, 40] . The estimation of the confidence interval of an unknown parameter θ (or of some characteristic value of a distribution function) consists of calculating an interval which by repeated sampling will contain the estimate θˆ with a given probability. Thus, the confidence interval will be defined by its two limits, and a certain cumulative probability results for each limit from the probability corresponding to the interval.
Using the statistical asymptotical theory that the distribution of quantile estimator T 
where L x is the confidence interval; 
is the covariance of i θˆ and j θˆ;
The calculation of the terms in the right-hand side of Equation (4) depends in general on the method of parameter estimation. In this paper, the method of moments (MOM), maximum likelihood (ML) method, and principle of maximum entropy (POME) were considered and the asymptotic variances estimated by these methods are described below.
Method of moments (MOM)
For MOM, the 
Then the variance of T x is calculated by using the relation between the parameters and the moments. Using the first three sample moments, the asymptotic variance of T x can be expressed as [1] :
are the cumulants which are given by: 
The asymptotic variance of the ML quantile estimators can be obtained by replacing 2 1 ,  and 3  in Equation (4) with the distribution parameters. The asymptotic variance and covariance terms for the ML parameter estimators are the elements of the inverse of the following information matrix [41] :
where L is the likelihood function, E represents the expected value. The inverse matrix of I can be written as: 
Differentiating Equation (1) with distribution parameters, one obtains the derivatives of T x with respect to the parameters. Substituting the derivative terms and the asymptotic variances and covariances of the ML parameter estimators into Equation (4) yields the asymptotic variance of the ML quantile estimators.
Principle of maximum entropy (POME) method
POME involves essentially five steps in the estimation of the distribution parameters: (1) specification of constraints from the given information; (2) derivation of the probability density function of the maximum entropy distribution; (3) derivation of the relationship between Lagrange multipliers and constraints; (4) derivation of the relationship between Lagrange multipliers and distribution parameters; and (5) derivation the relationship between distribution parameters and constraints [27, 30] . Relations between parameters and constraints for many commonly used distributions, such as P3, GEV, and Weibull distributions, are given in the existing literatures [27] .
The constraints in POME can be expressed in terms of moments [27] , therefore, the variance and covariances of the parameters can be obtained from the relationship between the variance and covariances of the moments and that of the parameter estimates. Let P, Q and R denote the three moments, one can approximately write the vector of variance and covariances of P, Q and R of a three-parameter distribution as [37, 38] : 
Consequently, the p V can be calculated using Equation (16) as long as the elements of D and the M V have been calculated.
Substituting the elements of p V and the partial derivatives of T x with respect to distribution parameters into Equation (4), one can obtain the variances of quantile estimator.s
Asymptotic variances of quantile estimators for different distributions
Three commonly used distributions: Gamma distribution, P3 distribution and Extreme value type 1 distribution (EV1) were considered in this study.
Gamma distribution
The pdf of Gamma distribution is given by: (17) where α and β are the scale and shape parameters, and ( )   is the gamma function, and
For Gamma distribution, the mean and variance are given by: (19) Introduction of Equation (18) and (19) in Equation (1) yields the T-year quantile of Gamma distribution: (20) Differentiation of Equation (20) with respect to  and  yields:
can be calculated by using Wilson-Hilferty transformation [1] .
The variances of quantile estimators for Gamma distribution estimated using MOM, ML and POME are described below.
Estimation of asymptotic variances by MOM and ML
Based on MOM, the standard error of T x for Gamma distribution can be calculated directly by [5] :
where v C is the coefficient of variation,
For the ML parameter estimators, the asymptotic variance and covariances are the elements of the inverse of the information matrix I:
The expected values of the second partial derivatives of the Gamma distribution in Equation (24) are given in Appendix A. Therefore, the asymptotic variances and covariances are obtained as:
is the tri-gamma function; 1
Substituting Equations (21) and (22) and the variances and covariances terms in Equation (25) into Equation (4) yields the variance of the ML quantile estimator.
Estimation of asymptotic variances by POME
When the POME is used to estimate the parameters of Gamma distribution, the relation between parameters and constraints can be expressed as [27] : 
It is noted that X and W in Equation (27) correspond to the P and Q in Equation (14) respectively;  and  correspond to 1  and 2  respectively. Then 
The terms of M V are obtained according to Equations (27) and the following equations
For Gamma distribution,    2 2 = , we obtain:
Since the ( ) 
Substituting the above quantities in Equation (32) and changing the integral limits, we obtain: Equation (33) can be expressed as: 
Substitution of the second equation in Equation (27), and Equation (34) into Equation (29) yields: ( )
Consequently, one obtains:
Additionally, taking the partial derivates of X and W with respect to  and  one can obtain the matrix D:
Thus all the components of (21) and (22) into Equation (4).
Pearson type 3 (P3) distribution
The pdf of P3 distribution can be written as:
are the scale, shape and location parameters, respectively, and
For P3 distribution, the mean and variance are given by:
Introduction of Equations (41) and (42) in Equation (1) yields the T-year quantile of P3 distribution:
Taking partial derivatives of Equation (43) with respect to
The variances of quantiles of P3 distribution estimated using MOM, ML and POME are described below.
Estimation of asymptotic variances by MOM and ML
For P3 distribution, the cumulants shown in Equations (7)- (9) can be further written as [5] : 
When the ML is used for parameter estimation, the asymptotic variance and covariances of parameter estimators are given by: log  log  log   log  log  log   log  log  log   var  ,  cov  ,  cov   ,  cov  var  ,  cov   ,  cov  ,  cov  var   1   1   2   2  2  2   2   2   2  2   2  2   2 
According to the derivation in Appendix A, the variances and covariances are written as: 
is the tri-gamma function;
Substituting Equations (44)-(48) and the variance and covariance terms in Equation (52) into Equation (4) yields the asymptotic variance of the quantile estimator.
Estimation of asymptotic variances by POME
On the basis of POME, the relation between parameters and constraints for P3 distribution is given by [27] : 
D
(57)
is the tri-gamma function.
Thus all the terms of M V and D are obtained; and so are the terms of p V . Accordingly, the asymptotic variance of quantile estimator can be obtained.
Extreme value type 1 (EV1) distribution
The pdf and the cumulative distribution function of EV1 distribution can be expressed respectively as:
where  and u are the scale and shape parameters, respectively; and
For EV1 distribution, the mean and variance are given by [43] : 
Estimation of asymptotic variances by POME
The relation between parameters and constraints of EV1 distribution can be expressed as [27] : 
Simulation experiments
In this section, Monte Carlo simulation experiments were performed to evaluate the performance of POME in calculation of the asymptotic variances and confidence intervals of quantiles and to compare it with the MOM, and ML methods. Ns=10000 sets of data were generated for samples with size n (n=30, 50, 80) from a Wakeby distribution with certain parameters ( 0.02 and 2 . 0 , 5 .
) [44, 45] . The inverse function of the Wakeby distribution is given by [46] :
The purpose of the simulation is to evaluate the performance of POME, thus only the EV1 distribution was choose as a candidate distribution to fit the generate data. For each generated data set, the distribution parameters were then estimated for EV1 distribution and the asymptotic variances and confidence intervals of quantiles Figure 1 shows the median of standard errors of the quantiles estimators. Apparently, for all return periods, the POME yields the smallest standard errors of the quantile estimators regardless of the sample size. It could be said that the uncertainty of POME estimators is less than that of MOM and ML estimators. Generally for all estimation methods, the standard errors of quantile estimators show a decreasing trend when the sample size increases from 30 to 80.
Additionally, the decrease in standard errors is relatively smaller when POME was used. This might imply that the POME is less affected by sample size. Therefore, the performance of the POME is found to be superior to MOM and ML, and it is more robust since it is less affected sample size. 
Application
The annual precipitation data from four gauging stations at the Weihe River basin in China were considered as case study. All data were obtained from the National Climate of China Meteorological Administration and were complete. The detailed information of these data is given in Table 2 . The Gamma, P3 and EV1 distributions were used to fit the data set, and the MOM, ML and POME were used to estimate the parameters of these distributions, as given in Table 3 . It can be seen that the parameters of Gamma distribution estimated by MOM, ML and POME are very close, and so are the EV1 distribution, while those of the P3 distribution depart significantly. To evaluate and compare the performance of the three methods and the distributions, the ordinary least square (OLS) criterion, Akaike information criterion (AIC), and Quasi-optimal deterministic coefficient test (QD) were employed that can be defined as: respectively, x is the mean value of observed data, m is the number of parameters of a given model, and n is the sample size.
The OLS criterion is recommended as a curve optimization rule for measuring the difference between empirical and theoretical values in hydrological frequency analysis in China.
The smaller OLS values represent the better performance of the model. The AIC is more appropriate for the comparison of models have different number of parameters. Given a set of candidate models for the data, the best model is the one with the minimum AIC value. QD is used to describe the fitting degree of observed values and theoretical values and the best fit model is the one that gets the QD value closest to 1. The OLS, AIC, and QD were calculated as given in Table 4 .
It is seen from Table 4 that the selected best parameter estimation method for each distribution by the three criterions is coincident and the result of the best fitted distribution for each station by the three criterions is the same as well. Take the Changwu station in Table 4 for example. According to the smallest OLS and AIC values and the largest QD values, the POME, MOM and POME are suggested to be the best methods for parameter estimation for Gamma, P3 and EV1 distributions, respectively. And the best fitted distribution for Changwu station recommended by the OLS, AIC and QD criteria is P3 distribution. Additionally, according to the results given in Table 4 , the best fitted distributions for the gauging stations Meixian, Tongguan and Lintong recommended by the OLS, AIC and QD methods, is EV1 distribution with the parameters estimated by POME. Thus the best estimation method for each station is POME and this is coincident with the results of the simulation experiments in Section 4, which shows that the performance of POME is better than MOM and ML. The bold values in the table denote the smallest OLS and AIC values and the largest QD values. The quantiles along with the standard errors and 95% confidence intervals for 10, 20, 50, 100, 200 and 500 year return periods of the best fitted distribution based on the parameters estimated by POME are given in Table 5 . For the sake of comparison, the quantiles, standard errors and 95% confidence interval widths based on MOM and ML are also given in Table 5 .
The results show that the standard errors and confidence interval widths of quantile estimators obtained by POME are smaller than those obtained by MOM and ML methods, excepting the results of T=10 at Changwu station, which indicates that the POME yields more precise parameters and quantiles estimations. To better understand the performance of the different methods, the differences in the uncertainty reductions for the standard errors and 95% confidence interval widths of the quantile estimators were given in terms of relative deviation as shown in It can also be seen from Table 6 that, for Changwu station, the reduction in standard errors and 95% confidence interval widths obtained by POME are significant when compared to ML.
For example, the reductions in the standard errors and confidence interval widths of a 500-year quantile is about 19%. For Lintong, Meixian and Tongguan stations, the reductions are relatively smaller, they are about 6%, 6% and 5% respectively. Overall, the POME provides more accurate quantile estimators. 
Conclusions
In this study, the POME method was applied for the estimation of the asymptotic variances and confidence intervals of quantiles and the corresponding calculation formulas for Gamma, P3 and EV1 distributions based on the POME method were deduced. The calculation procedures of MOM and ML methods were also reviewed briefly for comparison. Monte Carlo simulation experiments were carried out to evaluate the performance of the POME method and compare it with MOM and ML methods. In addition, annual precipitation data from four stations at the Weihe River basin in China were selected as case study. The following conclusions are drawn from this study:
(1) The calculation formulas of the asymptotic variances and confidence intervals of quantiles for three distributions based on POME are given. The results of simulation experiments and case study show that the POME method can provide an effective way for reducing the uncertainty of quantile estimators.
(2) Results of the simulation experiments demonstrate that the POME method yields the smallest standard errors and the narrowest confidence intervals of quantile estimators compared with the results of MOM and ML. Thus, the POME can give more accurate estimates. Furthermore, the standard errors of quantile estimators decrease as the sample size becomes large. The decreases in standard errors of the POME quantile estimators are not as significant as the decreases in the standard errors of the MOM and ML quantile estimators, which indicates that the POME is less affected by sample size.
(3) Results of the case study indicate that when using different criteria for distribution selection, the results are coincident, and the POME is the optimal method for parameter estimation. Furthermore, the POME can give a more reliable precipitation quantiles since the standard errors and 95% confidence interval widths of precipitation quantiles obtained by POME are smaller than those obtained by MOM and ML methods.
Since the POME based confidence intervals of quantile estimators have not been investigated, in this study, the calculation formulas of asymptotic variances and confidence intervals based on POME were deduced for three commonly used distributions, and this study compares the performance of three methods for estimating the asymptotic variances and confidence intervals of quantiles. In addition, It is meaningful to carry out investigations about POME based asymptotic variances and confidence intervals of quantiles for more distributions.
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Appendix A Derivation of information matrix
(1) Gamma distribution 
The information matrix is then obtained ( ) 
